JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 23, No. 2, March-April 2000

Nonlinear H., Flight Control of General
Six-Degree-of-Freedom Motions

Ciann-Dong Yang* and Chien-Chung Kung'
National Cheng-Kung University, Tainan 701, Taiwan, Republic of China

Application of nonlinear Ho control theory to flight vehicles whose complete six-degree-of-freedom nonlinear
equations of motion are considered directly without linearization is investigated. Nonlinear flight control modes
such as velocity control, body-rate control, attitude control, and hovering control are designed in a unified frame-
work such that the derived nonlinear Hx control law is valid for arbitrary flight vehicles. The most difficult and
challenging task involved in applying the nonlinear H» control theory is to solve the associated Hamilton-Jacobi
partial differential inequality (HJPDI). We show that the HJPDI of flight control problems can be solved ana-
Iytically with simple manipulations. A closed-form expression for the nonlinear Hy flight controller is derived
from the solution of HJPDI and is shown to be in the simple structure of proportional feedback. The numerical
simulations show that the derived nonlinear H» control law can ensure global and asymptotical stability of the
closed-loop system and have strong robustness against wind gusts with varying statistical characteristics.

I. Introduction

N spite of the excellent flight qualities achieved by using con-

temporary control theory, most of the existing control techniques
are valid for linear aircraft models. To apply the linear flight control
theory, we have to calculate the trim conditions first and find the
linearized aircraft model at each trim condition. The problems of
instability and flight performance degradation caused by this lin-
earizationprocess can be taken into accountby exploitinglinear ro-
bustcontroltheory,suchas H,, control,' ~* x-synthesistechnique >
quantitative feedback theory (QFT),’ etc. However, a linear single-
point design with constant feedback gains is probably inadequately
to maintain good control properties over the whole nonlinear flight
region, especially near the boundaries of the flight envelope. A pop-
ular control design employed for such flight vehicles operating over
a large flight envelope is gain scheduling’-® via online updating of
linear controllers obtained from linearized models about a set of
operating points within the flight envelope.

An alternative approach to tackle nonlinear flight region is the di-
rect use of nonlinear control theory such as feedback linearization,
nonlinear inverse dynamics,'° variable structure system (VSS),!:12
nonlinearpredictivecontrol,'® nonlinear H,, control,'* etc. Because
ofits inherentrobust property with respectto disturbanceand model
uncertainty,nonlinear H,, controlis a potentialcandidatefor solving
nonlinear flight control problems. However, the practical applica-
tion of nonlinear H, control theory is still questionable due to the
difficulties in solving the associated Hamilton-Jacobi partial differ-
ential inequality (HIPDI). Constant efforts have been made in the
literature to investigate the solvability of HIPDI. Algebraic and ge-
ometric tools'>!® have been used to find a particular solution of the
HJPDI for satellite attitude control problem. Nevertheless, numeri-
cal solution'”-!8 is believed to be a more systematic way to find the
solutions of HIPDI.

The present paper applies the nonlinear Hs control theory to the
complete six-degree-of-freedan nonlinear flight dynamics, which,
to the best of authors’ knowledge, has not been considered in the
literature before. Under this approach, the exact nonlinear equa-
tions governing both the longitudinal and lateral motions are con-
sidered, and the flight control problem is formulated as a nonlinear
H,, disturbance rejection problem where wind gusts, unmodeled
aerodynamics,etc., are regarded as unpredictabledisturbances. The
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purpose of H,, control design is to reject or attenuate the influence
of disturbances on the performance of flight control system. The
characterizationof the nonlinear H,, control law relies on the solu-
tion of HIPDI that is a first-order, second-degree nonlinear partial
differentialinequality. At the first glance, this HIPDI is rather com-
plicated and difficult to solve. However, after detailed investigation,
an analytical solution for flight control application is found to be
possible via simple manipulations, and the resulting nonlinear Ho,

control law is shown to be in a simple structure of proportional
feedback.

The difference in design procedures between conventional flight
control design and nonlinear H,, control design is shown schemat-
ically in Fig. 1. Conventional flight control design is based on the
model established from wind-tunnel data and/or flight-test data;
hence, control force and moment can not be determined until aero
data are given, although for the nonlinear H,, control approach,
the control force and moment can be determined before system
identification and flight test. After the control force and moment
have been found, the required control surface deflections can then
be determined from the lookup aero tables of the flight vehicle to
be controlled. Further detailed investigationin the future is needed
to know the advantages and disadvantages regarding the practical
implementation of this new flight control methodology.

This paper is organized as follows. In the next section, we will
briefly survey some preliminaries of the nonlinear H,, control the-
ory. In Sec. III, we formulate the flight control problem as a non-
linear H, disturbance attenuation problem, where flight control
design is divided into three modes: 1) nonlinear velocity and body-
rate control mode, 2) nonlinear velocity and attitude control mode,
and 3) nonlinear hovering control mode. The analytical solutions
of the associated HJPDI for these flight modes will be derived in
the subsequent three sections. The robustness of the nonlinear He,
controller against wind gust is illustrated numerically in Sec. VIL.

II. Nonlinear H,, Control Theory

In this section, we survey some standard results of the nonlinear
H,, control theory'®~?* for later use. Consider a nonlinear state-
space system

(1a)
(1b)

x = fx)+gx)d

z =h(x)

where x is the state vector; d is the exogenous disturbance to be
rejected, and z is the penalized output signal. We assume that f(x),
g(x), and h(x) are C* functions and x =0 is the equilibrium point
of the system, thatis, f(0) =h(0) =0.
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Fig.1 Comparisons of design procedures between conventional flight
control and nonlinear H flight control.

Definition 1: System (1) is said to have L, gain < y, if the input
d and output z satisfy the following relation:

] (Z'z)dt < yzf
0

00

d'd)dr )

0

If y =1 in condition (2) is attainable, system (1) is further said
to be dissipative, because under this situation the output energy
J(z7z) drisless thantheinputenergyf (d"d) dt. For the specialcase
when system (1) is linear, that is, f(x) = Ax, g(x) =B, h(x) =Cx,
with A, B, and C being constant matrices, condition (2) reduces to
the familiar H, norm constraint ||C(sI — A)"'Bl|» < 7, where s
is the Laplace operator. The following theorem provides us a useful
means to check whether system (1) has L, gain < y.

Theorem I: System (1) satisfies the input-output relation (2), if
there exists a scalar C! function E : R" — R* with E(0) =0 such
that

1 (oE\" [ E oE\"
77\ %% 8(x)g(x) o + o fx

+ %hT(x)h(x) <0 (3)

where

0E _[eEoE oE]"
ox 0x; 0X, 0x,

The detailed proof of Theorem 1 can be found, for example, from
Ref. 20. In general, the open-loop system (1) may not satisfy the L,
gaincriterion,and usually feedback controlis needed. When control
u is applied to system (1), we model the controlled system as

x = fx) + g(x0)d + g(x)u (4a)
zz[mm] 4b)
puu

where p, is a weighting coefficient. The nonlinear H,, control prob-
lem is to find the control # such that the L, gain of the closed-loop
systemis less than y. The followinglemma characterizesthe desired
controlu.

Lemma 1:

1) The closed-loop system (4) has L, gain less than y, if there
exists a positive C! function with E(0) =0 satisfying

aETf+1aET1 .1\ [eE
ox 2\ ox yzglgl p3g2g2 ox

1
+ Ethhl <0 )

2) If such an E function exists, the desired feedback control u
can be constructed from E as

1 oE
u(x) = —p—ggf(x)(a) (6)

3) The preceding control # can guarantee at least Lyapunov sta-
bility of the closed-loop system (4).

Proof: Facts 1 and 2 are the direct results of Theorem 1. By
replacing f(x), g(x), and h(x) in Eq. (3) with f(x) + g (X)u, g, (x),
and [hT(x) p,u”]", respectively, the condition that the L, gain of
the closed-loop system is less than y becomes

1 L L s 0E ! L L oE
Hpu+ 2or 28] (pu+—o7 25
2 P pug2 0x P pug2 0x

L L(oE "1 .1 L\ (eE
b ox y2g1g1 punggz ox

T
oFE 1
+ | — +=hTh <0
(ax)f 2 !

This inequality has a nonempty solution set if and only if its left-
hand-side value has a minimum value less than 0. The control u
minimizing the left-hand-side value of the preceding inequality can
be easily found as in Eq. (6). Substituting this control into the pre-
ceding inequality, we obtain the desired HIPDI (5). To prove fact 3,
we use a solution of the HIPDI (5) as a candidate Lyapunov func-
tion. Hence, system (4) is Lyapunov stable with respect to the origin
if we can show E(0) =0, E(x) > 0 forallx =0, and dE(x)/dr <O.
Because E£(0) =0 and E(x) > 0 are the prerequisites for E(x) to be
a solution of the HIPDI, we only need to show dE(x)/dt <0. This
can be shown easily by substituting Eq. (6) into Eq. (4a) and noting
that

dE@) _ (9E\ dx
d\ox ) d

= ETf()—i ()T()E
=5 x pﬁgzxgzx ™

T
1(0E 1, 1 S\ [(eE) 1
<<= (= +— — | - =n"h, <0
2(ax) (yzglgl p3g2g2)(ax) ) 171

where the HIPDI (5) has been applied in the last inequality. Hence,
E(x) is a qualified Lyapunov function. Furthermore, asymptotical
stability can also be ensured if the additional condition is satis-
fied. Assume that the output z in Eq. (4b) with control u given
by Eq. (6) is zero-state observable, that is, z(¢) =0, ¥ >0, implies
that x(t) =0, W =0, then the closed-loop system (4) with d =0 is
asymptotically stable according to the LaSalle’s theorem. = QED

From Lemma 1, the main task in solving the nonlinear H,, control
problemis to find a positive function E (x) satisfying the HIPDI (5).
The corresponding HJIPDI for the flight control problem will be
derived in the next section. During the process of derivation, the
manipulations of cross-product matrix will be frequently referred
to, and it is better to survey some of its properties here.

Definition 2: The cross-productmatrix S(K) induced by a vector
K =[k, ky k5]" is defined as

0 —ks ky
SKy=| ks 0 -k 7)
-k, k0O

The name cross-product comes from that the cross product of
two vectors K =[k; k, k31" and J =[}, j» j3]" can be expressed as
S(K)J. Some of the properties of S(K) are listed next.
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Lemma 2:

Property 1:
ST(K) = —S(K) (8a)

Property 2:
SK+J) =SK) +S) (8b)

Property 3:
S(K)J = —S(HK (8c)

Property 4:
S(K)K =0 (8d)

Property 5:
J'SEJ =0 (8e)

Property 6:
ISEON =Kl =+/k2 + 1 + &2 (8f)

Proof: Property 1 follows from S(K) being skew symmetric,
property 2 is due to the linearity of S(K) in K, property 3 can be
read as K XJ = — J XK, property 4 is simply because K XK =0,
property 5 is due to the result that the quadratic form of a skew-
symmetric matrix is identically zero, and property 6 can be verified
by the definitions of the matrix norm of S(K) and the vector norm
of K. QED

These six properties of S(K) are helpfulin the derivation of non-
linear H,, flight control. When dealing with attitude control of a
flight vehicle, we also need a geodesic metric to measure the devi-
ation of the vehicle attitude from a reference frame.

Definition 3: Let I1 be an orthogonal rotational matrix from the
inertial reference frame to the body frame in the three-dimensional
space. The geodesic metric D(I1, I3) that measures the distance
between IT and the identity rotational matrix /5 is defined as

D(I1, I) =2arc cos(;-\/l + tr(I1)) 9)

It can be checked that D(I1, I3) =0 when IT = I;. If we align the
desired vehicle attitude with the inertial reference frame and regard
the deviation of the body frame from the inertial reference frame as
perturbation, the purpose of robust control is to keep D(I1, I3) as
small as possible, that is, to keep the perturbed body frame close to
the inertial reference frame under the action of exogenous distur-
bance.

It will be shown later that the solution of HIPDI relies on checking
the negativeness of a constant matrix, and we need the following
property of matrix inequality:

M, M,
r <0
M12 My,
if and only if M;, < 0, My — MI,M['M;; < 0 (10)

III. Reformulation of Flight Dynamics

The six-degree-of-freedan rigid-body motion of a flight vehicle
can be described by the following differential equations:

m,U =m,(—WQ +VR)+ F, +d, (11a)
m,V =m(—UR+ WP)+ F, +d, (11b)
mW =m(-=VP +UQ)+ F, +d. (11¢)

1P =1,R+PQ)+1,(Q—-PR) +1,(0°- R
+,, - L,)OR+ L +d4 (11d)
1,O=I1,P+ QR+ (R-PQ)+ I (R —P?

+ (I

2z

- IH)PR + M + dm (lle)
IzzR = Iyz(Q + PR) + Ixz(P - QR) + Ixy(P2 - QZ)

+(,-1,)PQ+N +d, (11£)

where U, V, W and P, Q, R are standard notations for linear and
angular velocities, respectively; I, I, ... are the moments of
inertia of the flight vehicle; and m; is the vehicle’s mass. F,, F, F,,
and L, M, N are the applied forces and moments that are accessible
from the models of gravity, aerodynamics, and thrust, and d,, d,,
d, and d,, d,,, d, are the applied forces and moments resulting from
the unmodeled aerodynamicsor from the unpredictabledisturbance
such as wind gust. Equations (11) can be reformulated to a compact
matrix form that is more suitable for nonlinear control design:

U 0 -R 0 U
V = - R 0 —-P \%
W -0 P 0 w
EV d,\’
1 1
+— | F, |+—| 4, (12a)
my my
| F, d,
IH _Ixy _Ixz P
- Ixy Iyy - Iyz Q
Ixz - Iyz Izz R
0 -R Q Ixx _Ixy _Im P
=-| R o -P||-1, 1, -I.||¢C
B Q P 0 Ixz - Iyz Iu R
L dl
+ | M |+] d. (12b)
N d,

To further simplify the notation, the following definitions are used
throughoutthe paper:

S =0 Vv WI'=[Uy, Vo Wel" +[u v w]

=2, + 0(t)

Q=[P Q RI'=[P Q RI +lp q rI"
= + w(t)

us(y=[F. F, FI'=[F, F, F,|' +lf f £
= us, + u(t)

uo(t) =[L M NI"=[Ly, My NI"+[ m n]

= ug, + u.(t)
d,(t)y=1[d, d, d], d,(n =1[d, d, d,]"

where the symbols with subscript zero denote the values at equilib-
rium point (trim condition) and the lower-case symbols denote the
deviation from the equilibrium point. However, note that we do not
make the assumption of small deviation, thatis, the nonlinear terms
0’0 and w” w are not negligible when compared with the linear
terms o and .

In terms of the notations just defined, Egs. (12) can be recastinto
the following form:

0==85% +w)(Zo +0) + (1/m)(uz, +us) + (1/my)ds (13a)

w=—1;;"S + W) (X +w) + I;' (uq, +u,) +1,'d,
(13b)

where 1), is the matrix formed by the moments of inertia of the flight
vehicle

and the cross-product matrix S(-) has been defined in Eq. (7). The
trim force us, and trim moment o, can be solved from Egs. (13)
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bylettingo =0 =w =w =d, =d, =0toyieldus, =m,;S(£%) X
and ug, = S(€%)1;;€. Substituting us, and ug, into Eqgs. (13)
yields the nonlinear equations of motion with respect to the equi-
librium point as

0 =-S(w0 - Q)T = S(WZy + (1/m)ug + (1/m,)d,
(14a)
W =—I;'S(w)yw—1I,;'S(w) [, — I,,;' S() Iy w

+ 1 u, + 1,'d, (14b)

Equations (11) and Egs. (14) have equivalent dynamics, but the
equilibrium points are different. The equilibrium point of Eqs. (14)
is (o7, @) =(0,0,0,0,0,0), whereas the equilibrium point of
Egs. (11)is (ZT, Q‘f) = (Uo, Vo, Wy, Py, Qo, Rp).

Most of the flight control techniques are based on the assumption
that the perturbed motion from the equilibrium point is small. Un-
der this assumption, the second-degree terms, such as S(w)0 and
IA;I S(w) 1), w, become negligible in comparison with w and 0. By
the neglectingof these second-degreeterms, Eqs. (14) is reducedto

dfo] _[-50 S(Zo) o
dtlowf | 0 I1'SUn) - I, 'Sy ] | w

m'l; 0 d. m'I; 0 u,
+ | . +] . (15)
0 I, ]]|do 0 I,]|ue

This equation is in the familiar linear form: ¥ = Ax + B\d + B,u,
where A, B, and B, are constant matrices evaluated from the trim
condition X, and €. With the given linearized dynamics, the linear
controllercan then be designed for each trim condition. Linear flight
control designs that have been widely and thoroughly discussed in
the literature will not be addressed here. The focus here is to in-
vestigate the nonlinear H,, control design for the cases where the
perturbation from the equilibrium point is not small. According to
the values of X and €,, three nonlinear flight control modes can
be defined.

A. Velocity and Body-Rate Control Mode: X¢ # 0, Qg # 0

This mode correspondsto the six-degree-of-freedan (DOF) nor-
mal flight where the flight vehicleis commandedto have both steady-
state translationaland rotationalmotions. When expressedin matrix
form, Eqgs. (14) become

dfo] _[-5&0 S(Zo) o
dr N 0 1, S ) — 1,'S(Q) [y | | w

[ S(w) 0 o
| 0 I)'S(w)iy]|| @

[m>'I; 0 d, mlL 0 U,
+ | . +] . (16)
| o 1| [do 0 I;']| %

where the relations —S(w)Z =S(Zp)w and —1I,,' S(w)1,, L =
IA;I S(1,,€Y)w obtained from the property of cross-product matrix
in Eq. (8c) have been employed to derive Eq. (16). The associated
flightcontrolproblemis to designthe controlforceu,, and the control
moment u,, to track the velocity command X, =[U, V, W;]? and
the body-rate command £, =[Py Qo Ry]” in the presence of the
external disturbance [d7 d”]".

w

B. Velocity and Attitude Control Mode: (=0, Z¢ # 0

In this mode, the flight vehicleis commanded to have zero steady-
state body rate and to achieve the desired attitude and velocity.
Letting €y =0 in Eq. (16) yields

dfo] _ —S(w) S(Zo) o
dlw]|] | 0 —I1,'S() Iy | | @

m'L 0 d, m'L 0 Us
+ | o +| o 17)
0 I, d, 0 I, Uy

Because attitude is controlled in this mode, we need additional
equations to describe the attitude dynamics of the flight vehicle
in terms of the Euler’s angles or the quaternion. These additional
equations will be derived later. Assume the steady-state Euler an-
glesare [¢pg @ ], then the associated flight control problem s to
design the control force u,, and the control moment u,, to track the
velocity command X, =[U, V, W,]" and the attitude command
[¢o & wol” in the presence of the external disturbance [dT dT]".

C. Hovering Control Mode: (= X =0

This mode appears in the control of helicopters or vertical takeoff
and landing airplanes where both velocities and body rates of the
flight vehicle are driven to zero. Letting X, =€ =0 in Eq. (16),
we have

do] S(w) 0 o
d|lw]|] | 0 I;'Siy]|w

m:ll3 0 do- m:ll3 0 Us
+| . + o (18)
o 1;']|d. o 1;')| %

Note that, even for the hovering mode, the equations of motion
are inherently nonlinear. The associated flight control problem s to
design the control force u, and the control moment u,, to nullify
the velocity and body rate of the flight vehicle and at the same time
to track the attitude command [¢y 6, w,]” in the presence of the
external disturbance [ds d,]". This mode is also widely used in
satellite attitude control.

IV. Nonlinear H,, Velocity and Body-Rate Control

Comparing Eq. (16) with the standard nonlinear plantin Eq. (4a),
we have

[-5Q +w) S(Zy) o
o) = 0 1" S(1y %) = 1;,' S + w) Iy | [w
(19a)
m'l; 0
81(x) = go(x) = 0 I (19b)

where the state variable x is defined as x=[0! w!]' =
[uvwpgqgrl, conrolu=[ul «]"=[f. f, f. | m n]",
and disturbanced =[d? d’|" =[d, d, d, d, d,, d,]". Next, we
need to specify the output signal z to be controlled as in Eq. (4b). In
this control mode, the ultimate control purpose is to track the veloc-
ity command X, and the body rate command € and to make the
tracking errors 0 =2 — X, and w =2 — €} as small as possible.
To reflect these requirements, we choose z as

h (o, w)
_[ pull ] @0

where
hi(0, w) = [(pe/2)m, 0" T + (pul 2" Iyw)]*  (21)

is a measure of tracking performance and ps, pe, and p, are
weighting coefficients concerning the tradeoff between tracking
performance and control effort. By choosing weighting coefficients
properly, it is possible to obtain an acceptably small /#; without con-
suming a lot of control effort u. The problem of H, flight control
design now can be stated: Find the control u =[u? ul]" such that
the L, gain of the system is lower than y, that is,

I @de ST (B3 + p2uTu) dt
[X@rayde 17 (did, +dtd,) dr

< 7/2, Yd € L2
(22)

In Eq. (22),

j (d'd)dr
0
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is the input energy of the system, thatis, the L, norm of the distur-
bances induced by wind gust or unmodeled dynamics, whereas

0
] 7 zdt
0

is the output energy of the system, thatis, the L, norm of the desired
performance. We wish the output energy to be as small as possible
under the action of the disturbance input d. The system gain

o
I @y
I @rdyd
can, thus, be regarded as the disturbance attenuation level, and H,,
robustcontrolcan guarantee that the disturbanceattenuationlevel is
lower than a specified value y for arbitrary exogenous disturbance

d=[d’ d’]" € L,. A small value of y means that the output signal
zisattenuatedsignificantly, which in turn implies that the deviations

[U]T (172y% = 1/2p2) C2 L + (m,p,/4) I
w

of the vehicle’s velocity and body rate from the trim values are
small with small expenditure of control effort # under the action
of disturbanced. It is attributed to the inherent property of guaran-
teed disturbance attenuationlevel that H,, flight control can exhibit
performance robustness against the variations of disturbances.

Substituting Egs. (19) and (21) into Eq. (5), we obtain the flight
control’s HIPDI as

(L _a) [ (eEN (2EY , (2E\", (2L
2\y2 p2) |m2\oo o0 w] M\ow
AN
+ 30 [—S(w)o — S(C)o + S(Zp)w]

T
oE
+ (%) [1,;' SUuS)w — 1,;' S(w) Iyw — I;' S() [y w]

1 1
+ ij.pGO'TO'+ ZP{U(DTIMUJ <0 (23)

This is a nonlinear second-degree partial differential inequality in
the unknown function E(0, w) =E(u, v, w, p, q, r). If a qualified
E canbe found, then the nonlinear H,, flightcontrolleris then given
by Eq. (6) as

oFE

us 1 ,0FE 1 [m'; 0
u = P e L | e
pr " ox pil O Iy )] oE

ow

Hence, the main problem of nonlinear H,, flight control design is
to find a positive E satisfying the HIPDI in Eq. (23). A general
solution of Eq. (23) may be hard to find, but a simple particular
solution does exist. For linear systems, HIPDI is reduced to the
well-known algebraic Riccati equation, and its solution is in the
formof E(x) =x” Cx, where C is apositive-definite constantmatrix.
Motivated by the linear result, we search for a possible quadratic
solution for the nonlinear control problem in a similar form:

_1 . ra | Comisls 0 o
E(0,w) = 2[0‘ w ][ 0 CmIM] [w] 25)

where C, and C,, are scalar constants to be determined. To guaran-
tee the positivenessof E(x), constants C, and C,, must be positive.
Substituting Eq. (25) into Eq. (23) and performing the partial dif-
ferentiations with respect to 0" and w, we get

[o" wT][A”éw) C";"“’fg“)] [Z] <0  (26)
22

0 (1/2y2

where

All(w) = _CcmxS(g)O + (D)

+impoly + 2[(1/7%) = (1/p)) |C L5 (27a)
Ap(w) = —=C,S(E + w)ly + C, Sy <)
+1[(1/y?) = (1D ]C2 I + Lp, 1y 27b)

The remaining problem is to determine the values of C, and C,,
such that Eq. (26) is satisfied for arbitrary 0" and w. The difficulty
appears in the functional dependence of A;; and A, on w, which
destroys the quadratic structure in Eq. (26). Fortunately, this func-
tional dependence on w can be removed by employing the proper-
ties of the cross-product matrix mentioned in Sec. II: w” S(w) =0,
W’ S(I)w =0, and 07 S + w)T =0. Using these results in
Eq. (26) yields

w

ComS(Zo) [ U] 0
<
1/2p})Cols — CoS() Ly + (Pl ) Iu

It turns out that the central matrix in the left-hand side of the in-
equality is a constant matrix independentof 0" and w. The condition
ensuring the negativeness of the quadratic form for arbitrary 0 and

w then becomes

M M

TP <o (28)
M12 My,

where

My =3[y = (1 p)]C2 + mpo I
My, =31Com S(Zp)

My = =3CoS(Q0) I = $CulyS" ()

+ 1y = (1 pD]CLL + L puly

According to the matrix inequality formula in Eq. (10), Eq. (28) is
equivalentto

1[(1/y? = (1/p)]CE + dmyps < 0 (29a)
$CoST () Iy + $Co 1y S() + $[(1/77) = (1/p)]C3 15
+ Lo,y + {L[(117D) = (1/pD)]C2 + Lmyp,) ™

x[+C2m S*(Zp)] < 0 (29b)

These two inequalities are then solved together to find the ranges
of C, and C,. An explicit but sufficient condition that is found by
taking the norm value for each term in Eq. (29b) can be expressed
as

242
@>Jﬁﬂﬂu; 500
2(y2-p2)
r2p;
C, > m[llﬂolllllml +\/Q€QOIIIMII2 + a(Cc)] (30b)
where
1{1 1 4C2m2ElE
a(Cc) == _2 - _2 [pw”IM” - — _; 070 ]
2 pu Y 2(7/ 2 — Pu )Cg- + mPo

As expected, the ranges of C, and C,, are dependent on the trim
conditions £, and Z,. However, note that the preceding two in-
equalities do not necessarily determine the lowest bounds of C, and



YANG AND KUNG 283

C,. The lowest bounds can be found numerically by searching for
the minimum C,, and C,, satisfying Egs. (28).

Up to now, we have shown that the E (0, w) given in Eq. (25)
is truly a qualified solution of the HJPDI and that the two con-
stants C, and C,, in E(0, w) can be determined analytically as in
Eqgs. (30). After having obtained the solution E (0, w), we can com-
pute the desired control force and moment by substituting Eq. (25)
into Eq. (24),

f( u
1 oE 1 1
Uy = fy =_pu2ms_%=_p_3 CrO':——gcCr v
| 7.
(31a)
1
B _ L, eE_ 1 1 P
w=|m | =l o = G = ol 4
n " " r
(31b)

Although the proceduresleading to the solution of HIPDI are rather
involved, the resulting H,, control is surprisingly simple. It can be
seen from Eqs. (31) that the control force u,, is proportional to the
velocity tracking error 0 =X — X, whereas the control moment
u,, is proportionalto the body-rate tracking error w = Q — €. This
simple proportional feedback control can guarantee that the nonlin-
ear flight control system is stable in the sense of Lyapunov and has
L, gainlower than y as well. Indeed, the resulting controllerensures
more than Lyapunov’s stability. Inspecting the penalized output z
in Eq. (20) with control u given by Eq. (31), we can find that the
only state for z =0 is the equilibrium state (0, w) = (0, 0), that s,
z is zero-state observable. Therefore, from the LaSalle’s theorem
the closed-loop system withd =0 is asymptoticallystable. Further-
more, because the Lyapunov function E(0, w) given by Eq. (25)
approachesinfinity as ||[[07 w!]”|| — oo, the ensured stability is
also global.

V. Nonlinear H,, Velocity and Attitude Control

There are three objectivesin this control mode: 1) velocity track-
ing, 2) body-rate stabilization, and 3) attitude control. Because in
Eq. (17) only angular rates are involved, we need additional infor-
mation about the orientation of the body axes if vehicle’s attitude is
to be controlled. The orientation of the body axes can be described
by the three Euler angles ¢, 6, and y. Following the definitions of
Euler angles, we can establish the transformation from the inertial
system to the body axes system as

X3 cy cOsy —s0 X;

Yp | = | cysOs¢p —spcd sysOsp +cycd cOsd Y,

Zp cysOch +sys¢d sysOcd —cysdp cOcd Z,
(32)

where cy, sy, ... are cos y, sin y, etc. Let the transformation ma-
trix in Eq. (32) be I1, then the dynamics of IT is linked to the body
rate o via the relation

dI1

However, we see this expression is not a standard state-space form
by noting that ITisnota vectorbuta 3 X 3 matrix. Toreduce Eq. (33)
to a vector form, we exploit quaternion to replace the Euler angles.
Accordingto the relations between the quaternion(n, €, €, €;) and
the Euler angles, we have

n =cos(y/2) cos(6/2) cos(¢/2) + sin(y/2) sin(6/2) sin(¢p/2)

€ = cos(y/2) cos(0/2)sin(¢/2) — sin(y/2) sin(6/2) cos(¢/2)

€ = cos(y/2)sin(6/2) cos(¢/2) + sin(y/2) cos(6/2) sin(¢p/2)

[S)

€ =sin(y/2)cos(0/2) cos(¢p/2) — cos(y/2) sin(6/2) sin(¢/2)

whereitcanbecheckedthat[n € €, €]" isaunitvector. By taking
the time derivativesof the both sides of the preceding equations, we
can express Eq. (33) in terms of the quaternion as

€ =Ll + S(6)lw (34a)
n=-1iw (34b)

where € =[€, € €&]7. By collecting Eq. (17) and Egs. (34), the
state-space governing equations for this control mode become

o —S(w)o + S(Zp)w m'I; 0
dfle] | smw+3SE@w oo 0 |[ds
e | n | —ie’w 0 0 ||d
W —I,;'S(w) Iy w 0 I
m;113 0
| (35)
0 0 Uy,
0o I,
which is in the standard form: x = f(x)+ g,d + g,u, where

x=[c" €' n o"]",and f(x), g (x),and g,(x) are the correspond-
ing matrices in Eq. (35). Here, the goal of flight control is to design
u, and u, such that the variations of vehicle’s velocity, attitude,
and body rate due to disturbancesd, and d,, are as small as possi-
ble. For notational convenience, let the inertial axes be defined as
the desired orientations of the body axes, then this control mode
is to match the body axes with the inertial axes and, at the same
time, to minimize the velocity error and body-rate error produced
by the disturbances. We need two measures to quantify these control
goals. The first measure is to quantify how small the tracking errors
are. This measure is identical to %, defined in Eq. (21). The second
measure D(I1, I3) defined in Eq. (9) is to quantify the discrepancy
between the inertial axes and the perturbed body axes. Expressing
D(I1, I3) in terms of the quaternion components yields

D(T1, I;) =2arccos |7 (36)

Now the output signals to be controlled can be combined as

1
1 T )2
(zmxpcro- O-) l hl (37)
z = =
[1pow” Iyw + p, DX(11, ;)] putt
pult

where ps, po, and p, are three weighting coefficients. The defini-
tion of &; implies that #; = 0 if and only if (0, w, IT) =(0, 0, ),
which is exactly the design goal of this control mode. Hence, the
control problemis to make /; as small as possiblein the presence of
disturbanced, while keeping the control expenditure u acceptable.
The associated HJPDI for this control problem is constructed by
substituting the related f(x), g:(x), g2(x), and i, (x) into Eq. (5),
leading to

oFE

T T
1({0FE
(%) [SZEpw — S(w)o] + 5(%) [nw + S(e)w]

1(2E) , oE\" (1 1
——|ZE)w- =] 'SWIyw+=|— - =
2\ on ow 2\ yr p?

1 (0E\" (oE oE\" _(9E
— | = — |+ | =) 1’| —
m2\ oo oo ow ow

1 1
+ ij.pGO'TO' + Zpu,wTIMw + 2p,arccos’|nl < 0 (38)

After some qualitative analyses, we find that a plausible solution is
in the following form:

E(0,€,nw) =1C,0" 0+ 1C,w" Iyw

+ Coetw Iyy€ + 2C,(1 — 1) (39)
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where Cg, C,, Cue, and C,, are positive constants to be determined.
Taking the partial differentiationsof E and substitutingthe resultant
into Eq. (38), we have

Com, 0" S(Zp)w + 1Coew” Iy[nl; + S(€)]w + Coew” S(€)Iyw
+Cefw+ (/7)) = (1] pD) ]

X(C:oTo+ C2w' w + 2C,C e’ € + C? €"€)

(013
+2mp,0" T + tp,w’ [yw + 2p,arccos’|nl < 0 (40)

To simplify this inequality, two observations are made. 1) Since
€€+ 1 =1, it can be shown that ||nl; + S(e)|| =1, |IS(e) I || <
[y 1l, and 2 arccos(|n]) < =|l€|l. 2) The coupling term €” w can be
removed by choosing

Cy=CoCuc[(1/p7) = (11 77)] (41)
Employing these two properties in Eq. (40) yields

Ay 0 Agp g
[cTe"w"]] 0 Ay O € <o (42)
A{3 0 A33 w

where
An ={3C [y = (1 )] + dmope) Iy
A13 = %CcmxS(ZU)
An = {$CL[(117") = (1] pD)] + 4pun ) I
Ay ={1C2[(177*) = (1/ )] + (3Cue + +pu) I} 15
To ensure this inequality is satisfied for arbitrary 0, €, and w, the
central A matrix mustbe negative definite. By the using of the matrix

inequalityformulain Eq. (10), the negativenessof A is guaranteedby
choosingthe coefficients C,,, C,¢, and C,, in the following ranges:

21242
Coe >4 | 2Z BT 43a)
72— p
242
C, > | PPl (43b)
2(y2=pY)
C,>
242 2m2x Ty C?
P 13C 0 + pol Dl = PaZo 200
Nkl 2(y 2= p.)C2 + m,p,
(43¢)

For a meaningful solution, the disturbanceattenuationlevel y needs
tobe greaterthan p,. Additionalconstrainton C, C ¢, and C,, comes
from the requirement £ > (0. By noting the relation 2(1 — n) =
(1 — n)? + €’e =€’ €, we have the following inequality for E in

Eq. (39):
Coel
e’ | € +lCcmSO'TO'
C,ly || w 2

1 20, I
E(0,€,n w) >=[e" ' K
( 1, w) 2[ ][CwelM

Hence, the positiveness of E is ensured by imposing

C, >0, C, >0, C,Col; > %CiEIM (44)
However, it can be shown that these conditions are satisfied auto-
matically for the C,,, C,, and C ¢ satisfying Eqs. (41) and (43). Up
to now, we have proved that the function E(0, €, 1, w) given by
Eq. (39) is truly a solution of the HIPDI in Eq. (38) with the four

coefficients Cy,, Cye, Cy, and C,, determined by the conditions in

Eq. (41) and Eq. (43). Having obtained the solution E, we now can
determine the desired control law from Eq. (6):

-
20
OE
u,] 1 ,9E 1 [mI'L 0 0 0] o€
[ ]__p_gzﬁ__p_g[ o 0 o0 1;']| ek
on
OE
[ dw ]
=_L[ C.o ] (45)
02 | Cow + Coee

which is also in the structure of proportional feedback.

VI. Nonlinear H.,, Hovering Control

The objective of hovering control is to nullify the velocity and
body rate of the flight vehicle and at the same time to maneuver
it to the desired attitude. Hovering control mode actually can be
regarded as a special case of the velocity and attitude control mode
considered in the last section, when the velocity 2, to be tracked
is zero. Therefore, the nonlinear H, hovering control law can be
obtainedsimply by setting X, =01inEgs. (43). However, instead, we
will adopt a more enlightened approach to manifest the decoupling
effect between the hovering attitude control loop and the hovering
velocity control loop. We will show that under nonlinear H. control
structure, the hovering attitude control can be separated from the
hovering velocity control.

A. Hovering Attitude Control Loop

In this loop only attitude dynamics is considered. By removing
the velocity dynamics 0 from the six-DOF equations of motion,
Eq. (35) and Eq. (37) reduce to

q 1w+ 18(€)w 0 0
E n = —%ET(L) + 0 P + 0 U
w | —I;,'S(w) Iy w I ;!
(46a)
3
2= | [3Po0" Iuw+ pyDX(IL )] | _ [ ; ] (46b)
Pullo Pulto

The control problem is to find u,, such that the system’s L, gain
llzll,/lldollz, < 7. The candidate solution for the associated HIPDI
is chosen as

E(€, 0, w) =3C,0" Iyw + Coew" Iyy€ +2C, (1 — 1) (47)

and u,, is determined by the same procedures outlined in the pre-
ceding section, and the resultis

o ==(1/p)(Cow + Cux€) (48)
where C, and C,, satisfy

pamipry? 7202 (3C e + Pl 2)
Coe > %, C, > > - > 173 1]
r:—p? r:—p?

(49)

B. Hovering Velocity Control Loop
From Eq. (35) and Eq. (37), the hovering velocity dynamics is
given by

0 =-S(wo+m'd, + m 'u, (50a)

ip.m,oTo h
Zz[zpmA ]:[ 1 ] (50b)
Pulls Pullc
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and the correspondingcontrol problem is to determine u, such that
the system’s L, gain |lzll,,/lld;|l., < y. The candidate solution of
the HJPDI is chosen as

E(0) =iC.m0" o (51)

Atthe first glance, the velocitydynamics O interacts with the attitude
dynamics w via the term S(w)0 in Eq. (50a); however, this term
disappears during the formation of HIPDI because of the property
of cross-productmatrix:

T
(%) f(0) =Comyo" [-S(w)o] =0

which makes the final hovering velocity controller u, independent
of w,

u, =—(1/p)Co0 (52)
where
24,2
C. > | ZePoPu¥” (53)
2(y? = p2)

The manipulations leading to Eq. (52) are the same as the afore-
mentioned standard solution procedures, and the detail is omitted.

Note that the attitude control u,, in Eq. (48) and the velocity
control u,, in Eq. (52) are identical to those obtained by letting
2o =0in Eq. (45), which is based on the whole six-DOF equations
of motion. This means that the six-DOF hovering control design
can be divided into two independent loops: the velocity control
loop, wherein only velocity dynamics is considered,and the attitude
control loop, wherein only attitude dynamics is considered. This
phenomenonis somewhat analogous to linear flight control design
wherein longitudinal control can be decoupled from lateral control
when vehicle’s roll rate is small. However, the difference is that the
decoupling effectin nonlinear H., hovering control is attributed to
the nonlinear H,, control structure, but not to the assumption of
small body rate.

VII. Robust Test via Wind Gust

A. Wind Gust Model

One of the most striking exogenousdisturbancesis the wind gust
when a vehicle is flying. Hence, a good robust flight control de-
sign must have the capability to withstand the impact from wind
gust. In this section we wish to test the robustness of the nonlinear
H., controllers, derived earlier, in the presence of wind gust. The
main effect of wind gust is to cause a random fluctuation of the ve-
hicle’s velocity. The velocity uncertainties A0 =[Au Av Aw]"
and Aw=[Ap Aq Ar]" caused by wind gust can be well mod-
eled by the outputs of some shaping filters with the white noise as
the input source. The block diagram showing the generation of the
wind gust effect is shown in Fig. 2. Taking the channel of Au as an
example, the transfer function of the shaping filter generating Au is
given by*

Hu(s) =\/(2Vt/7rl‘w) wa/(s + Vt/Lw) (54)

where o, and L,, are the intensity (root-mean-square gust veloc-
ity) and the turbulence scale length of the wind gust, respectively;
V. is the total true speed of the vehicle. Here, o,, and L,, are the
main statistical characteristics describing the behavior of wind gust
and different values of o,, and L,, resultin different types of wind
gust. Under the framework of linear quadratic Gaussian (LQG) con-
trol, o,, and L,, are assumed to be fixed; hence, only wind gust with
fixed statistical property canbe handledin LQG approach. However,
becausethe type, L,,, and the intensity, o, , of the wind gustencoun-
tered during atmospheric flight can not be predictedin advance, it is
necessary for a flight control system to have the capability to with-
stand the performance degradation caused by all possible types of
wind gust. Using nonlinear H,, control, we can allow o, and L,, to
be varying, while ensuring the satisfaction of closed-loop L, gain
<7 in the presence of wind gust with varying statistical property.
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Fig. 2 Block diagram showing wind gust generator: K; = 0,,./(V/
1L, ), u; = Vi/L,,, b = semispan, 0,, = rms gust velocity, L,, = turbulence
scale length, and V; = total true speed.
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Fig.3 Vertical disturbance force due to wind gust.

Insimulatingthe wind gustbehavior,itis notedthat ¢,, and L,, can
not be varied independently; they are found to meet the following
empirical relation:

G/ Gy 1750 =\/L/1750 (55)

where o, 1750 =21 ft/s is the intensity of the wind gust as
L, =1750ft that corresponds to the specific wind gust model
called thunderstorms. Using the velocity uncertainties Ao =
[Au Av Aw]" and Aw =[Ap Ag Ar]" computed from Fig. 1,
we can find the forces and moments exerted on the flight vehicle by
the wind gust as

d, _ -m;S(Q+ Aw) myS(X) Ao
d,| 0 Sy = S(Q+ Aw) Iy || Aw
(56)

Figure 3 demonstrates the random fluctuation of the vertical distur-
bance force d, obtained from Eq. (56) for three values of turbulence
scalelength L,,. Itis observed that a smaller turbulencescale length
results in a larger magnitude of d_.
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B. Normalized Flight Vehicle Model

As we cansee from Egs. (31), the H,, control forceu, and control
moment #,, depend on the feedback gains C,, and C,, whose numer-
ical magnitudes, in turn, depend on the mass m,, the moments of
inertia 7,,, and the trim velocities £, and €, [see Egs. (30)]. To
make the computations and the implementation of C, and C,, inde-
pendent of the physical units being used, scaling factors are intro-
duced to normalize (nondimensionalize) the equations of motion.
The normalization process employs m,, 4/(||Iy|l/my), and

(s I/ my)/ Uy as the reference mass, referencelength, and refer-
ence time, respectively. The reference length Uyl my)
is indeed the radius of gyration r, of the flight vehicle. Although
conventional flight control design usually uses mean chord length
of the wing airfoil as a reference length, r, =4/ (|l1y|l/m;) seems
to be more natural for nonlinear H. design purpose. The reference
velocity U, should be replaced by the tip velocity of the rotating
blades for helicopter hovering control. We introduce the following
dimensionless variables to normalize the equations of motion:

1=(rg/ Uo)t, Iy = 1ull 1y, o =Uy&

Q= (Uy/ 1)

ug, =(mx U(?)l_l(u

ZU = U(]Z()

W =(Up/ 1)@,
Us =(me(?/rg)ﬁc’

Hereafter, the variables with obars will denote dimensionless vari-
ables. In terms of these dimensionless variables, Eqs. (14) become

do

= = —S(@)0 — S0 — S(@W)Z, + i, +d, (57a)
C;—‘;f’ =-I,'"S(@) Iy - I,;'S(@) [y

-I,'SQ)Iy® + I'a, + I,'d, (57b)

The normalized feedback gains C,and C, canbe obtained by using
the same procedures resulting in Egs. (30). Scaling factors are then
multiplied to C, and C, to recover the physical values of C, and
C, as
CG = (meO/rg)Cc’ C(u = (mx U()rg)c(u (58)

C. Response to Wind Gust

To find the control force and moment from Egs. (31), we use the
mass and moments of inertia for an F-16 as an example: m; =636.6
slug, I, =9,496, 1,, =55,814,1,. =63,100,and I, = —982slug -
fe, I,, =1,, =0, and the matrix norm ||, || is 63,118 slug - ft*. The
trim condition is set to Xy =[U; Vo Wy]" =[500 20 217 (ft/s),
and () =[P, Qy Ry]" =[0.1 0.1 0.1]7 (rad/s). The upper bound
of the L, gain is selected to y =2, and the weighting coefficients
Po»r Pos and p, are all set to 1. Substituting these data into Eq. (30)
yields the admissible bounds for the feedback gains C, and C,, that
are, in turn, used in Eqgs. (31) to give the required control force u,,
and moment u,,. The response 0(¢) and w(?) to wind gust is then
obtainedby integratingEqs. (14) numerically with control [u? u?]”
givenby Egs. (31), withdisturbance[d” d”]" givenby Eq. (56), and
with initial conditions given by 0(0) = w(0) =0. The performance
of nonlinear H. control can be evaluated by substituting o(¢) and
w(t) into the penalized output &, (0, w) defined in Eq. (21). The
root-mean-squareresponseof /11 (0, w) with turbulencescalelength
L,, of the wind gust as a varying parameter is shown in Fig. 4. As
explainedearlier, the main purpose of the nonlinear H,, controlis to
keep h; (0, w) as small as possible in the presence of disturbanced
(wind gust in the present case). Figure 4 shows that the closed-loop
system is stable for different types and different intensities of the
wind gust. Here, /1,(0, w) of the closed-loop system is reduced to
about %th of the open-loop system, indicating that a remarkable
disturbance attenuation effect takes place after the nonlinear H
controlleris engaged to the system.

D. Robustness Against Wind Gust
The inherent robust property of the nonlinear H., control is to
guaranteethatthe system L, gain, thatis, the disturbanceattenuation
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Fig. 5 Variation of L, gain due to change of turbulence scale length
for three controllers.

level |lzll., /lld|l.,, can be always kept below the specified value y
under the action of arbitrary exogenous disturbanced € L,.

Figure 5 serves to explain this robustness property. There are
three L, gain responses in Fig. 5 that correspond to three different
solutions of the feedback gain.

1. Matrix Inequality Solution

The matrix inequality solution of M < 0 in Eq. (28) is given by
Eqgs. (30) wherein one of the solutionscan be chosen as C, =0.0356
and C, = 0.0281. For this solution, the maximum eigenvalue of M
canbe foundas A, (M) =—11.78, which shows that M is negative
definite. The L, gain response of this solution is shown in the upper
curve of Fig. 5, where it is observed that the L, gain of the closed-
loop systemis keptlower than 0.925 for all possibleturbulencescale
length L,,.

2. Minimum Energy Solution

There are infinitely many solutionsof Eqs. (30), and some of them
may be too conservative. Additional conditions can be imposed on
C, and C,, to remove the conservativeness. For instance, because
the control effortis proportionalto C, and C,,, we can search for C,,
and C,, such that A, (M) < B <0 with 8 being a given constant,
while minimizing the performance index: J=1/(C2+ C2).
For sake of comparison, we take f = —11.78 as obtainedin the pre-
ceding matrix inequality solution, and find the minimum value of J
to be Jynin =0.0437. The correspondingoptimal solutionis given by
C, =0.0379 and C,, =0.0217. It is found that J,,;, increases with
decreasing 8. When compared to the matrix inequality solution that
givesJ =0.0454, this minimum energy solution does reduce the re-
quired control effort. The L, gain response of the minimum energy
solutionis shown in the middle curve of Fig. 5, where it is observed
that the L, gain of this solution is lower than that obtained in the
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matrix inequality solution. This implies that the disturbance atten-
uation effect is better than the case of matrix inequality solution.

3. Maximum Convergent Speed Solution

Nonlinear H,, control merely requires M defined in Eq. (28) to
be negative, but if the negative eigenvalues of M can be made far
smaller than zero, faster convergent speed to the equilibrium state
can also be achieved.Hence, a practical way to search for the optimal
C, and C, is to minimize the performanceindex: I = A,,,,(M). For
comparison reason, the value ofy/ (C2 + C2) is fixed to be 0.0454,
whichis obtainedin the matrix inequalitysolution.In this case Iy, is
found as —47.49, and the corresponding L, gainresponseis plotted
in the lower curve of Fig. 5. As expected, this solution gives the
lowest L, gain response, and the wind gust attenuationeffect is the
best among the three solutions.

E. Verification of Global Asymptotic Stability

It has been shown in Sec. IV that the controllaw givenin Eqgs. (31)
ensures not only the Lyapunov stability of the six-DOF nonlinear
motion but also the global asymptotic stability, which means thatall
of the states eventually converge to the equilibrium states, irrespec-
tive of the initial conditions. To illustrate this property numerically,
we release the six-DOF nonlinear motion at several initial condi-
tions [#(0) v(0) w(0)] that are very far from the equilibrium state
[0 0 0] to make sure that the convergence is not merely local. The
results are shown in Fig. 6. It is observed that all the four cases
converge rapidly to #; =0, which implies [0 w 1] =[0 0 0], that
is, the equilibrium state.

F. Verification of Decoupling Control in Hovering Mode

As has been shown in Sec. VI, the hovering attitude control loop
and the hovering velocity control loop for vertical takeoff and land-
ing vehicles can be designed independently under the framework
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Fig. 6 Time responses of /; to different initial conditions.
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Fig. 7 Times responses of rms velocity and body rate for DRA re-
search Lynx helicopter with velocity controllers and without attitude
controllers.

of nonlinear H,, control. To verify this decoupling property nu-
merically, we intentionally disconnect the hovering attitude con-
troller, and let only nonlinear H,, velocity controller obtained from
Eq. (52) remain operational. The vehicle simulated in the hover-
ing mode is the helicopter of British Defense Research Agency
(DRA) Research Lynx, ZD559 whose mass is 295.6 slug, and mo-
ments of inertia are I, =2041.1, I,, =10256.42, I, =9005.61,
and I, =—1500.9 slug - ft>.

The trim condition for the hovering mode is £, =€, =0. Let
the initial conditions for the perturbation be [1(0) v(0) w(0)] =
[100 100 100](ft/s)and[p(0) ¢(0) r(0)]=[0.1 0.1 0.1](rad/s).
The time response of the corresponding six-DOF motion is plotted
in Fig. 7. As expected, the uncontrolled attitude loop is divergent,
but the velocity loop is convergentunder the nonlinear H, control,
being not influenced by the divergent attitude dynamics.

VIII. Conclusions

Thenonlinear H, controltheoryhasbeenappliedto the controlof
general six-DOF flight motions. A new formulationof flight dynam-
ics leads to three nonlinear flight control modes, and the associated
HJPDI for each mode are solved analytically, leading to nonlin-
ear H, flight control with simple proportional feedback structure.
By using a nonlinear H,, controller, the flight control design and
aerodynamic modeling can be considered separately; hence, the de-
sired control force and control moment to reject the disturbances
can be computed quantitativelyin advance without knowing the in-
formation of aero data. Because of this aerodynamic irrelevance in
constructing the nonlinear H,, controllers, the derived control law
can be applied equally to airplane, missiles, helicopters, and other
flight vehicles.
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